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Abstract. We classify the homotopy types of reduced 2-mlpotent simplicial groups in 
terms of the homology an d boundary invariants b, (3. This contains as special cases 
results of J.H.C. Whitehead on 1-connected 4-dimensional complexes and of Quillen on 
reduced 2-nilpotent rational simplicial groups. Moreover it yields for 1-nilpotent (or 
abelian) simplicial groups a classification due to Dold-Kan. Our result describes a new 
natural structure of the integral homology of any simply connected space. We also classify 
the homotopy types of connective spectra in the category of 2-nilpotent simplicial groups. 
Moreover we compute homotopy groups of spheres in the category of m-nilpotent groups 
for m = 2, 3 and partially for m = 4, 5. 



A classical result of D.M. Kan shows that the homotopy type of a connected space is 
determined by a simplicial group, see [19j. E. Curtis [TT] observed that for a 1-connected 
n-dimensional space the associated simplicial group can be chosen to be m-nilpotent where 
n < 2+{log2{fn+l)} . Here {n} is the least integer > n. Hence a 1-connected 4-dimensional 
space is equivalent to a reduced 2-nilpotent group and such spaces were classified by J.H.C. 
Whitehead [26] in terms of the homology groups H2-,H^, , a boundary b : H^^ TH2 
and an invariant /3 G Ext{H^,coker{h)) given by the homotopy group 713. Moreover, a 
result of D. Quillen [22] on reduced rational nilpotent simplicial groups shows that reduced 
rational 2-nilpotent groups are classified by a boundary h : B ^ [B,B]oi degree —1 where 
-B is a graded Q- vector space with Bi = for i < 0. Here [B, B] is defined in the free Lie 
algebra L{B) generated by B so that 

[B,B] = A2fi,©05,®5, 

i odd i even i<j 

where [Bi,Bi\ = TBi (resp. = h?Bi). In fact, h is part of the differential in a minimal 
model constructed by Baues-Lemaire [H]. 

On the other hand, 1-nilpotent (or abelian) simplicial groups are equivalent to chain 
complexes by the classical Dold-Kan theorem. Various authors extended the Dold-Kan 
theorem for more general simplicial groups (see [10] and [8] and for 2-nilpotent groups the 
thesis of M. Hartl [IT]) without, however, achieving a description of homotopy types. 

Knowing about this background in the literature there is a clear motivation to study 
the homotopy types of reduced 2-nilpotent simplicial groups. In this paper we obtain 
their complete description in terms of graded abelian groups and boundary invariants 
h and (3. This classification contains as special cases the results of J.H.C. Whitehead 
and D. Quillen mentioned above. For the description of the boundary invariants we 
need quadratic functors F and and quadratic torsion functors f2, R which were used 
by Eilenberg-MacLane [16j and Cartan [9J for the computation of the homology of an 
Eilenberg-MacLane space. 
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We also consider the homotopy types of connective spectra in the model category of 
2-nilpotent simplicial groups. They are classified in a particular simple fashion by T- 
algebras, where T is the free Z2-algebra generated by elements for k even > 0, see 
section 11. 

Since any simplicial group G yields a 2-nilpotent simplicial group G/'-)^{G) by dividing 
out triple commutators we see that we can apply our result to G/'^^iG). Therefore we 
obtain by the invariants 6, a new natural structure of the integral homology of any 1- 
connected space. This structure generalizes the well known action of the Steenrod algebra. 
In fact, the action of 5*^™' G corresponds to the dual of the Steenrod square Sq^. 

We also describe some aspects of the homotopy theory of 2-nilpotent simplicial groups, 
in particular, we compute all homotopy groups of spheres in this category. In an Appendix, 
we determine homotopy groups of spheres in the category of m-nilpotent simplicial groups 
for m = 3 and partially for m = 4, 5. 



1. Simplicial objects and chain complexes 



Let C be a category with an object which is initial and final in C. For objects X, Y 
in C, one has the unique zero morphism Q : X ^ Q ^ Y . A graded object X^ in C is a 
sequence of objects X^, — {X^, n e Z} in C. A chain complex (X^,,(i) is a graded object 
together with boundary morphisms d, : X„ Xn-i satisfying dd = 0. A simplicial object 
in C is a sequence {X„, n > 0} together with morphisms di : Xn Xn-i,Si : Xn —>■ 
Xn+i, i = 0, . . . ,n, satisfying the usual simplicial identities. Such objects are r — reduced 
ii Xn — for n < r. Let 

C*, Chain(C), sC 

be the categories of graded objects, chain complexes and simplicial objects respectively. 
Moreover, let 

(1.1) Cr, Chain(C)^, (sC),. 

be the corresponding full subcategories consisting of r-reduced objects. Dold-Kan theorem 
shows that for an abelian category A (for example A = Mod{R), the category of i?-modules 
for a ring R) , one has the equivalence of categories 

: (sA)^ ^ Chain(A)^, r > 0. 

Here N is the normalization functor which maps the simplicial object A in A to the Moore 
chain complex N[A) with 



(1.2) N,{A) = 



nj>o ker{di : Aq if g > 0, 

Ao, if g = 0. 



The boundary d : Nq{A) Nq_i{A) is induced by d^ with do = for g = 0. Let N ^ he 
the inverse of the normalization functor. We define the homotopy group by the quotient 
in A: 

^^^^_ ker{d:NqA^Nq_,A} 
^^■"^^ ""^^^^ " im{d : Nq^.A ^ N^A} 
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which is the g-th homology HqN{A) of the chain complex N{A). The equivalence 
shows that a simplicial object in A can be identified with a (non-negative) chain complex 
in A. 

Let Gr be the category of groups then one has a normalization functor 

N : (sGr)^ Chain(Gr),„ r > 0. 

The functor carries the simplicial group A to the chain complex N{A) defined in 
same way as in fll.2p . Moreover we can define the (Moore) homotopy group iTglA) of the 
simplicial group A by the quotient group in fll.3p since im{d) is normal in ker{d). 

Weak equivalences in the categories Chain(A), resp. sA and sGr, are maps which in- 
duce isomorphisms for the homology functor if*, resp. for the homotopy group functor 
vr*. Given a category C with weak equivalences we obtain the homotopy category Ho(C) 
which is the localization of C with respect to the class of weak equivalences. If C is a 
model category or a cofibration category, the homotopy category Ho(C) is well-defined, 
see Quillen [21] and Baues [2j. For objects X,Y in C, let 

(1.4) [X,Y] = [X,Y]c 

be the set of morphisms X Y in the homotopy category Ho(C). A homotopy type in C 
is the equivalence class of an object X in the homotopy category Ho(C). 



2. Abelianization and nilization 



For a group G one has the lower central series 

■ ■ ■ C 7„+i(G') C 7^(0 C . . . C 72(G) C G, 
where 72 (G) is the commutator subgroup. Then the quotient 

ab{G) = Gh2{G) 

is the abelianization of G. A group G has nilpotency degree < k ii 7^+1 (G) is trivial, that 
is if all (fc + l)-fold commutators in G are trivial. In this case we also call G a nil(k)-group. 
We only deal with nz/(2)-groups though various concepts below have an obvious analogue 
for r;,i/(fc)-groups, k > 2. Compare the Appendix. We call the quotient 

ml{G) = G/73(G) 

the nilization ofG. Hence we have functors 

Gr^Nil^Ab, 

where Ab is the category of abelian groups and where Nil is the full subcategory of Gr 
consisting of ra/(2)-groups. Clearly one gets ab{nil{G)) = ab{G). If G = {E) is a free 
group generated by the set E, then A = ab{G) = Z[E] is the free abelian group and 
nil{G) = {E)nu is the free m/(2)-group. Here Z[E] and {E)nii are free objects in the 
categories Ab and Nil respectively. If G = {E)nii is a free m/(2)-group we have the central 
extension of groups 

(2.1) X\A) ^G^ A, 

where A is the abelianization of G and where w is the commutator map with w{pxApy) = 
[x,y] := x'^y^^xy for x,y E G. For this recall that A'^{A) is the exterior square of the 
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abelian group given by the quotient A'^{A) = A eg) A/ {a (g) a ~ 0}. We point out that the 
homomorphisms w and p are natural for : G — >■ G' G Gr that is p(j) = (f)*p, wh?'{(f)^) = (pw 
with 0* = ab{(f)). 

The categories Gr and Nil are closed under limits and colimits. In fact, colimits in Nil 
are obtained by nilization of the corresponding colimits in Gr. For example, the sum AM B 
in Nil is given hy AM B = nil{A -k B), where A-k B is the free product in Gr. 

It is useful to note that for any A,B in Nil one has the functorial short exact sequence 
(see for example 7.10 in [S]) 

ab{A) ® ab{B) ^ AV B ^ Ax B ^0, 

where w{d (S> &) = [a, b]. Here d denotes the class of a G A in ab{A). 

Let r > 0. Then the functors nil and ab above induce functors between categories of 
simplicial groups 

(sGr), ^ (sNil), ^ (sAb),. 

For r > 1 these functors carry weak equivalences to weak equivalences so that the induced 
functors between homotopy categories 

Ho(sGr), ^ Ho(sNil),, ^ Ho(sAb),. 

are well-defined. Using results of Quillen [2T], we see that (sGr)^, (sNil)^ and (sAb),, are 
actually model categories. Moreover by the Dold-Kan theorem it is well known that the 
normalization 

N : Ho(sAb)^ Ho(Chain(Ab)), 

is an equivalence of homotopy categories. Homotopy types in Ho(Chain(Ab))^ are identi- 
fied via homology with isomorphism types of graded abelian groups in Ab^. Hence also 
homotopy types of simplicial abelian groups in s(Ab),^. are given by graded abelian groups 
in Abr. 

Let CW be the category of CW-complexes X with trivial 0-skeleton = *. Morphisms 
are base point preserving maps. Then homotopy ~ of such maps yields the quotient 
category CW/ ^ which is the usual homotopy category of algebraic topology. For X,Y & 
CW, let [X,Y] be the set of homotopy classes X ^ F in CW/ ^. Let CW^ be the full 
subcategory of CW consisting of CW-complexes X with trivial (r — l)-skeleton. Kan [TH] 
constructed a functor G : CWj.+i — > (sGr)^ which induces an equivalence of homotopy 
categories 

G : CW,,+i/ ~ ^ Ho(sGr)^, r > 0. 

This functor carries a CW-complex X to the Kan loop group G{X) which is a free simplicial 
group (see also Curtis |I2j)- Let 

G^\X) = ab{G{X)), resp. G™'(X) = nil{G{X)) 

be the abelianization, resp. nilization of the Kan loop group which we also call the 
abelianization, resp. the nilization of the space X. Let C^X be the cellular chain complex 
of X given by GnX = i7„(X", X'^-i) and let C^X = G^X/G^*) be the reduced cellular 
chain complex. Then one has a weak equivalence 

s-^C,{X) ^ NG^\X) 

which is a natural isomorphism in Ho(Chain(Ab))^ for X G CW^+i. Here s'^G is the k- 
fold suspension of the chain complex G with {s''G)n = Gn-k and d{s^x) = {—lY^^^dx for 
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a; e C, A; e Z. The equivalence shows that the homotopy type of the abehanization of X 
coincides with the homology H^{X) of the space X. 



3. Derived functors of the exterior square 

For abelian groups A, B \ei A ® B and A* B he the tensor product and the torsion 
product respectively. The tensor product of abelian groups leads to the notion of the 
tensor product A® B oi graded abelian groups A, B with 



{A®B)^ = Ai®Bj. 



i+j=n 
> 

We also need the ordered tensor product A B defined by 

{A^B)n= Ai®Bj. 

i+j=n, i>j 

Analogically define the ordered torsion product A*Bas 

{A*B)n^ Ai*Bj. 

i+j=n, i>j 

The tensor product, torsion product and the ordered tensor and torsion product are in 
the obvious way bifunctors. 

Next we use the exterior square and Whitehead's quadratic functor F which are 
functors from abelian groups to abelian groups. They define the weak square functor 

sq^ : Ab, ^ Ab, 

which is given by 

{r{Ajn), if n = 2m, m odd, 
A'^{Am), if n = 2m, m even, 
0, otherwise. 

Let (Z2)odd be the graded abelian group which is Z2 in odd degree > 1 and which is trivial 
otherwise, hence (Zi2)odd is the reduced homology of the classifying space MPoo — A'(Z2, 1). 
We now define the square functor 

Sq'^ : Ab^ ^ Ab^ 

Sq^{A) = A I) (A e {Z2)odd) e sq'^iA). 
Clearly the square functor is quadratic. The cross-effect is 

Sq^{A\B)^A(^B 

and one has the operators 

Sq^{A) A0A^ Sq^iA) 

which are induced by the diagonal and the folding map respectively. 
Define also the torsion square functor 

Sq*{A) : Ab^ ^ Ab^ 
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by setting 

Sq*{A) = iA*{A® (Z^Ud)) © sq^iA), 

where 

{Q{nmX), n = 2m, m even 
R{7rmX), n = 2m, m odd 
0, otherwise 

Here R{A) = H^K{A,2) and n{A) = HjK{A,?>) / {Z^ ® A) are functors of Eilenberg- 
MacLane with R{A\B) = = A * 5 and 

i?(Z„) = Z(2,„), fi(Z„) = R{Z) = Q{Z) = 0. 

For developing homotopy theory of 2-nilpotent simphcial groups we need the description 
of the derived functors of the exterior square. They were described in [7j as follows. Let X 
be a simplicial group which is free abelian in each degree. Then there exists the following 
short exact sequence of graded abelian groups 

(3.1) ^ Sq^'MX)) ^ 7r,(A2X) ^ Sq*MX))[-l] ^ 

where 7r*(X) and 7r*(A^X) are the graded homotopy groups of X and A^X respectively. 



4. Homotopy theory of 2-nilpotent simplicial groups 



Homotopy theory in the category sNil of simplicial mZ(2)-groups relies on the following 
definition of weak equivalences, fibrations and cofibrations. Weak equivalences are maps 
inducing isomorphisms on homotopy groups, fibrations are the maps / for which Nqf is 
surjective for g > and cofibrations are retracts of free maps. Here an injective map 
/ : X — > Z in sNil is free if there are subsets Cg C Zg for each q such that (i) r]*Cg C Cp 
whenever rj : [q] ^ [p] is a surjective monotone map, (ii) fg + Qg '■ Xg y FCg Zg is an 
isomorphism for all q. Here FCg = nil{Cg) is the free m/(2)-group generated by Cg and 
gg : FCg — > Zg is the extension of Cg C Zg. Let * be the initial object in sNil. We say that 
G in sNil is free if * — >^ G is free. Let (sNil)^ be the full subcategory of the free objects 
in sNil. For example, for a space X, the nilization of Kan's loop group is a free 

object. 

Proposition 4.1. With these definitions the category sNil of simplicial nil {2) -groups is 
a closed model category. All objects are fibrant and free objects form a sufficiently large 
class of cofibrant objects. Hence one has a notion of homotopy ^ in (sNil)^ such that the 
inclusion (sNil)^ C sNil induces an equivalence of categories 

{sm)J ~ ^ Ho(sNil). 

Proof. This is a consequence of II. 4 in Quillen [21], compare in particular Remark 4. 
Moreover we use II. 3 in Baues [2]. □ 

The proposition shows that the basic definitions and constructions of homotopy theory 
are available in the category sNil, for example we have cylinder objects, suspensions, 
mapping cones, cofiber sequences, spectral sequences etc as described in a cofibration 
category in Baues p]. 
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Proposition 4.2. The nilization functor 

nil : sGr sNil 

carries homotopy push outs to homotopy push outs, that is, nil is a model functor in the 
sense of Baues [2j (1. 1.10). 

The functor 7r„ : Ho(sNil) — ^ Gr is a representable functor in the sense that there is a 
free object S{n) G sNil for n > and a class in G TTnS{n) so that for all X G sNil, the map 

given by / ^— s> 7r„(/)(i„) is an isomorphism for n > 0. This is analogous to the situation 
for topological spaces; indeed, these isomorphisms virtually demand that we refer to S{n) 
as the n — sphere in sNil. We can choose S{n) to be the free object generated by a single 
element in degree n. We have a homotopy equivalence 

S{n) = 

so that S{n) is the nilization of the standard {n + l)-sphere S^~^^. Homotopy groups of 
spheres 

nn+kS{n) = [S{n + k),S{n)] 
in the category Ho(sNil) can be computed completely. 

Proposition 4.3. There are generators in, Tjn, vin such that 

'^%n, — 

Z?7„, n = k odd 
^2flni < k < n, k odd 
0, otherwise. 



Tln+kS{n) 



The computation follows from the description of the spaces h?G°'^{S^), given by Curtis 
and Schlezinger [23], [H]: For any n > 1, g > 0, one has 

{Z, if n is odd and q = n 
Z2, ifg = l,3,...,2K2]-l, 
otherwise. 

This is a part of the more general Theorem 15. and easily can be proved using the exact 
sequence fl3.1l) . 

We call T]n : S{2n) S{n) with n odd a (generalized) Hopf map. In fact, rji is the 
nilization of the classical Hopf map S"^. The iterated suspensions of the Hopf maps 

yield the elements rj^, that is. 

Clearly, the identity in : S{n) ^ S{n) satisfies Sz„ = in+i- 
For n,m >1, one has a map 

w : S{n + m) S{n) V S{m) 

which in fact is the nilization of the classical Whitehead product map 5'"+''""*"^ — S^^^ V 
grn+i^ For X in sNil we thus obtain the Whitehead product 

given by [x,y] = w*{x,y). 
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Proposition 4.4. The Whitehead product in sNil is bilinear and satisfies 

[X,y]^{-lp\y\^'[y,x], 

, , I if Ixl is even, 
\x x\ — X 
' 1 277*(x) if\x\ — n is odd, 

[x, y] ^rjni^ + y)- V*n{x) - r]l{y) and 
Vn{-^) = Vni^) for \x\ = |y| = n odd. 
Moreover, all triple Whitehead products m sNil are trivial. 
Corollary 4.5. For a space X in CW, the nilization 

ml : TT^+iX = [5"+\X] ^ [S{n),G^'\X)] = 7r„G'™'(X) 
carries Whitehead products to Whitehead products. This implies that the nilization 

nil : 7r2„+i(5'"''"^) -K2nS(n) = Zrjn, n odd, 

coincides with the classical Hopf invariant. Hence, for n = 1, 3, 7, the Hopf map r)n in 

sNil is the nilization of the classical Hopf maps S*^"^^ S"'~^^ and in this case 77* is the 
nilization of the corresponding suspended Hopf maps. For n ^ 1,3, 7, the elements rj^ and 
Tj^ are not in the image of nil, however, the element 2rjn = [in+i, "^n+i]? with n odd, is 
always in the image of nil. 

Recall that a function f : A ^ B between abelian groups is quadratic if /(a) = f{—a) 
and [a, b]f — f{a + b) — /(a) — f{b) is bilinear for a,b E A. Let 7 : ^4 — > FA be the 
universal quadratic function which defines Whitehead's quadratic functor F : Ab — Ab. 
Then / defines a unique homomorphism /° : TA — > B with /°7 = /. The theorem above 
shows that 77* is quadratic, hence we obtain natural transformations {X e sNil) 

r(7r„X) n2nX, n odd, 

A^(7rnX) T^2nX, n cvcu > 2, 

which are induced by 77* and the Whitehead square respectively 



5. Homology and Moore objects in sNil 

Let X be an object in sNil. We can choose a weak equivalence X ^ X, where X is free 
in sNil, that is * ^ X X is a cofibrant model of X. Now we define the chain complex 
of X by 

C,X = N{abX) 

and we define homology and cohomology of X by this chain complex, that is, for n e Z, 

Hn{X,A)^HnC4X)®A, 
H"(X,A) = mHom(C^X,A), 

where A is an abelian group of coefficients. We also need the pseudo-homology 

Hn{A,X) = [C{A,n),C,X], 
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which is a set of homotopy classes of chain maps. Here C{A, n) is a chain complex of free 
abelian groups with HnC{A, n) = A and HjC{A, n) = 0, for j ^ n, for example, Ci^A^ n) 
is given by a short free resolution of A 







^1 '-^4 , 



with C in degree n and C in degree + 1. 

For a space X in CW, we have canonical natural isomorphisms 

^„+i(X,A) = ff„(G'™'(X),A), 

A Moore object M{A,n)nii in sNil is a free object with a single non-vanishing homol- 
ogy group A in degree n > 1. We clearly have T,M{A,n)nii = M{A,n + l)nii and 
CtfM{A, n)nii = C{A, n). The nilization of the Moore space M{A, n + l)cw in CW can be 
chosen to coincide with M{A,n)nii- For A = Z the Moore object M{A,n)nii = S{n) is 
the sphere in sNil. 

Homotopy groups of Moore objects in sNil are completely computed in the following 
result: 

Theorem 5.1. Let n>l,kE'L. Then the homotopy groups of Moore objects in sNil are 

(A, k = 

A® 1,2, < k < n, k odd 
A * Z2, < k < n, k even 
e I TA, k = n odd 

A'^{A) © A * Z2, k = n even 
R{A), k = n + 1 even 
il{A), k = n + l odd 
^0, otherwise. 

Proof. Consider the short exact sequence of simplicial groups: 

(5.1) A^abM{A, n)nu M{A, n)nu ^ abM{A, n)nu 

All the cases of the theorem besides the case k = n even follow from (15.1 p and the universal 
coefficient theorem (13.11) . For the case k = n, (13. ip implies the short exact sequence 

^ A\A) ^ 7T2nM{A, n)nii A * Z2 ^ 

which a priori splits unnaturally. The natural splitting, however, follows from the peri- 
odicity principle in (13. ip and the following diagram 



7ln+kM{A,n)nil 



HeK{A, 3) 



7r4M(A,2; 



nil 



A\A)®A*Z2 



where is the boundary map, which is a natural isomorphism, what follows, for example, 
from the Curtis spectral sequence argument (see proof of Theorem 19. ip . □ 
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For each homomorphism (p : A ^ B between abelian groups we can choose a map 
(f) G [M{A,n)nii, M{B,n)nii] in Ho(sNil), which induces (f). The map 4> is not unique. The 
induced homomorphism TTn+ki^}, however, depends only on (p so that A i— > 7rn+kM{A, n)nii 
yields a functor Ab ^ Ab. 

The isomorphism is natural with respect to maps M{A,n)nii M{A' ,n)nii. For 
k = 0, the isomorphism is the Hurewicz isomorphism and for < k < n, k odd, we 
have 0(a ® 1) = ar/^, and for k — n. 

For an object X in sNil, we define homotopy groups with coefficients in A by 

7rn{A,X) = [M{A,n)nil,X]nil. 

As in topology, one has the universal coefficient sequence 

Ext(A,7rn+iX) ^ nn(A,X) Hom(A,7rnX), 
where is the composition A — nnM{A,n)nii — ^ T^nX. 

Proposition 5.2. For Moore objects in CW and sNil, the nilization yields a bijection, 
n>l, 

[M(A, n + l)cw, M{B, n + l)cw]cw = V^i-^i "iT^nii, M{B, 

Hence, the homotopy category of Moore objects of degree (n + 1) in CW/ ~ is equivalent 
to the homotopy category of Moore objects of degree n in Ho(sNil). 

Proof. Both sides are part of universal coefficient sequences which are isomorphic since 
via nilization 7r„+fe+iM(S, n + l)cw in CW is the same as 7rn+kM{B,n)nu in Ho(sNil) for 
A; = 0,1. □ 



6. Quadratic functors 

Let F : Ab — > Ab be a functor. The cross-effect of F is the bifunctor defined as 

F(X\Y) = ker{F(ri, ra) : F{X ®Y) ^ F(X) ® F{Y)}, X,Y e Ah 

where the map F{ri, is induced by natural retractions ri : XQ)Y — > X, r2 : XQ)Y — > Y. 
The functor F is linear if F(0) = and F{X\Y) = for all X,Y e Ab. The functor F is 
quadratic if F{0) =0 and the cross-effect F(X\Y) is linear in each variable X and Y. 
A quadratic Z-module is a diagram of abelian groups 

satisfying HPH = 2H and PHP = 2P. 

Let M — (Me — > Mee Me) be a quadratic Z-module.,Then M induces a quadratic 
functor A A ^ M, A e Ab defined as follows. Given an abelian group A, the abelian 
group A<^ M has generators a<S>m, [a, b]iS>n, a,b & A, me Mg, n e M^e and relations 

{a -\- b) ® m — a ® m -\- b ® m -\- [a,b] ® Hm, 
[a, a] <^ m — a <S> Pn 
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where a^m is linear in m and [a, b]®n is linear in a, b and n. For example, the quadratic 
Z-modules 

= (Z Z © Z Z) 
Z"^ = (0 ^ Z ^ 0) 

z^ = (Z ^ z A Z) 

z^ = (Z A Z ^ Z) 
Z2 = (Z2 -> Z2) 

define the tensor square, exterior square. Whitehead's F-functor, symmetric tensor square 
and the functor — (E) 1^2 respectively, i.e. for every abelian group A, one has 

A (g) Z'^ = A (g) A, A(g)Z^ = A^A, A^lF = TA, 

A®Z^ = SP^{A), A ® (Z2 ^ ^ Z2) = A ® Z2 

where SP'^{A) = A® A/ {a (g) 6 - 6 (g) a, a,b e A). 

Recall the definitions of some functors (see [3]). Given abelian groups A,B we choose 
free resolutions 

(6.1) dA-.X^^Xo, dn-.Y^^Yo, 

of A and B respectively so that = C{A,0), ds = C{B,0). For a quadratic Z-module 
M, one gets the chain complex M^{dB) defined by 

Yi®Yi®Mee^Yi®M®Yi®YQ® M^e ^Yo^M 

with 

6i{a m) = (dBtt) (S> m, 

6i{[a, a'] ® n) = [dsa, a'] n, 

6i{a ® b ® n) = [rf^a, b] (8> n, 

^2(0 a' n) = —a ® dsa' ® n + [a, dsa'] ® n 

for a, a' G Yi,b G lo,m G Me,n G Mge. Then coA;er((5o) = A M. Define the torsion 
functors by 

A*' M = keridi)/im{d2), 
A*" M = ker{d2). 

Taking the torsion functors for Z^ and Z^ one, in fact, gets the Eilenberg-MacLane 
functors, see 6.2.9 and 6.2.10 in [3]: 

A*'Z^ = Q{A), A*'Z^ = R{A). 

Define also the pseudo-analogs of the above torsion functors: 

A%(A5) = [dA^Z^dB], 

TT#{A,B) = [dA,ZldB]. 

Also recall the functor L^{A,B), which for finitely generated abelian groups A, B is 
defined as 

L#{A,B)=B(g)L{A). 
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Here L{A) is the quadratic Z- module 

L{A) = {Hom{A,Z2) ^ Ext{A,Z) A Hom{A,Z2)) 

where the map d is the connecting homomorphism induced by the exact sequence Z — >■ 
Z — s> Z2 (see 6.2.13 [3] for the definition of L^{A,B) for arbitrary abehan groups). The 
bifunctors AT^,TT^ and are bype functors (see [3]) in the sense that for abehan 
groups A, B there are the following binatural short exact sequences: 

^ Ext{A,VL{B)) AT#{A,B) Hom{A,k^{B)) 0, 
^ Ext{A, R{B)) TT#{A, B) Hom{A, T{B)) 0, 
^ Ext{A, A^{B)) L#{A, B) Hom{A, ® Z2) ^ 0. 
For every quadratic Z-module and n > there are natural suspension maps 

T.^ : [dA,M#dB] ^ [dAHM#{dB[n])] 
which in the case M = Z^, M = Z^ stabilize as 

S" : AT#{A, B) Ext{A, 5 ® Z2), n>2 
S" : rT#(A, B) Ext{A, B * Z2) ® Hom{A, 5 (g) Z2), n>3 
Let dc '■ Zi Zq be a short free resolution for an abelian group C. Define the functor 
Trp{A; B, C) = [d^, de O dc] = Ho{A, de O dc). 
Clearly one has the following short exact sequence which splits (unnaturally) 

Ext{A, B*C)-* Trp{A; B, C) Hom{A, B ® C) ^ I. 
The functor Trp is an analogue of the triple torsion functor of MacLane |20j . 



7. Quadratic bypes 

Let Chairij, be the category of r-reduced chain complexes in Ab. Let M be a quadratic 
Z-module. Then we obtain a functor (r > 0) : 

: Chairir Chain^ 

M#{Y) = N{{N-^Y)®M), 

where is the functor Ab —>■ Ab given by the quadratic tensor product. 

An r-reduced quadratic M-bype is a triple {Y,b,f3) with the following properties. First 
y is a chain complex in Chain,,. Let i?„ = HnY be the homology of Y. Moreover b = 
is a sequence of elements 

bn G Hom{Bn,Hn-iM#Y). 
Hence we get the homomorphism 

£;xt(5„,5„+i) ^H^^* Ext{B„,,H^M#Y) ^ H„_,{B^, M#Y), 

where the right hand side is the pseudo- homology. Finally /5 = is a sequence of 

elements 

f3n e Hn-l{Bn,M#{Y))/im{A{bn+l).) 
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with 

A morphism between quadratic M-bypes 

: (F, b, (3) ^ {¥', b', (3') 
is a morphism : y — > y in Ho(Chain)^ with the following property: the diagram 

(7.1) 0* 
commutes for all n and 

(7.2) cP.^n = <l>*Pn 

in i7„_i(S,,M#F')/A(6;+i)*^a;t(S„,5;+i). Let 

bype,(M) 

be the category of r-reduced quadratic M-bypes and such morphisms. 

Consider the quadratic Z-module = (0 — > Z — > 0) given by the exterior square 
A^{A) = A®Z^. 

Theorem 7.1. Let r > 1. Then there is a functor 

A : Ho(sNil)^ ^ bype,(Z^) 

which is representative and reflects isomorphisms. Moreover the restriction of A to the 
subcategories of isomorphisms is a full functor. 

Corollary 7.2. Let r > 1. Then the homotopy type of an r-reduced simplicial 2-nilpotent 
group G is completely determined by the bype XG. In fact, the functor X induces a 1-1 cor- 
respondence between isomorphism types in Ho(sNil)^ and isomorphism types in bype^(Z'^). 
Moreover for each object G in (sNil)^ the functor A induces a surjection of automorphism 
groups 

AutHo(sm)^{G) ^■wibype^(ZA)(AG). 

The functor A carries a free object G in sNil to (Y, b, (3) where Y — NX with X — ab{G). 
We may assume that G is a free object. Then G is part of the exact sequence 

A^X ^G^X 

in sNil. This exact sequence is a fiber sequence in the model category sNil. Hence we get 
the connecting homomorphisms d — do, 

bn-.B^^ Hr^NX = 7r„X ^ 7r„_iA2X = H^^^NA^X = Hr,^,NA^N-'Y = i/„_iZ^r, 

where the isomorphism for Y is given hj Y = NX. This connecting homomorphism 
defines the sequence of elements 6„ in X{G) = {Y,b,f3). We also can apply the functor 
7r„(yl, — ) of homotopy groups with coefficients in A to the fiber sequence above. This 
yields the following connecting homomorphism d — da'- 
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(7.3) 



Ext{A,nn+iX) 



Ext{A,B^+^) 



(b„+i)* 



Ext{A, H^Z^Y) 



7Tn{A,X) 



Hom{A, TTnX) 



Hom{A, Bn) 

(fen)* 



Ext(A, TTnA.'^X) nn-i{A, K^X) ^ Hom{A, tt^-iA^X) 



In this diagram we set A — Bn and define 

/3„ = {dii-\lB^)}, 

where the right hand side is an clement in the cokernel of A(6„_|_i)*. It is clear that 
^{(3n) = hn and that A is a well defined functor since the connecting homomorphism d is 
natural in G and A. 



8. HOMOLOGICAL QUADRATIC BYPES 



In this section M is a quadratic Z-module. Then the category of r-reduced M-bypes 
admits itself a detecting functor 

bype,(M) A Hbype,(M), 

where the right hand side is the category of r-reduced homological quadratic bypes which 
we define below. Let Chains be the category of r-reduced chain complexes in Ab. We have 
the homology functor if* 

: Ho(ChainJ Ab^ 

which admits a splitting functor C 

C : Ab^ ^ Ho(ChainJ 

defined by 

C(S) = e„gzC(S„,n), 

where C{A, n) for an abelian group A is the Moore chain complex. Since [C(A, n), C{A', n)] — 
Hom{A, A'), we see that C is a well defined functor. Moreover for any Y in Chain^ with 
B = H^Y we can choose a weak equivalence 

C{B) ^ Y. 

Recall that the pseudo-homology of a chain complex Y in Ab^ is the set of homotopy 
classes of chain maps 

Hn{AY) = [C{An),Y]. 
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We have the short exact sequence 

^ Ext{A, Hn+iY) A Hn{A, Y) ^ Hom{A, HnY) 0. 
Using the quadratic Z-module M we define the composite functor, see §7, 

(8.1) Sq^ ■ Ab, ^ Ho(ChainJ ^-^ Ho(ChainJ ^ Ab 

Moreover we define the bifunctor 

(8.2) Sq^' : Ab"*' x Ab, ^ Ab 

by the pseudo-homology 5gf (A, B) = Hn{A, M#CB). Hence we have 5gf (5) = 5gf (Z, B) 
and one gets the binatural short exact sequence 

(8.3) ^ Ext{A,Sq'J_,,{B)) ^ Sq^'{A,B) ^ Hom{A, Sq^' (B)) ^ 0. 

If i? G Ab, is concentrated in one degree, that is, B = {D,m) with B^ = D and Bi = 
for i ^ m, then we get the functor 

(8.4) Sq^^^ : Ab^^ x Ab ^ Ab 

with Sq^^A,D) = Sq^\A,{D,m)) = if„(A, M#C(Z}, m)). Now we set Sq'J^^{D) = 
Sq^^{Z, D) so we get the binatural exact sequence 

^ Ext{A, Sq^[^{D)) ^ ^g*f^(A, D) ^ Hom{A, Sq^^D)) ^ 

as a special case of the exact sequence for (18.21) above. Here we have as an example the 
homotopy groups of a Moore objects M{D,n)nii in sNil given by [k > 1) 

7rn+kM{D,nUi = SqT+k,n{D) 

which was computed in theorem 15.11 

Since is a quadratic functor we get morphisms in Chain, 

M#iY) ^ M#iY\Y) ^ M#iY) 
If Y is free as an i?-module we have by the Eilenberg-Zilber theorem 

M#{Y\Y) = N{{N~^Y) (g) (N-^Y) M^e) ~ F ® F ® Mee 
Hence we also get 

M#{Y) ^Y ®Y ® Mee ^ M#{Y) 

by H and P above. For M = we compute the functors Sq^ explicitly below. We use 
the functors Sq^' for the definition of the following category Hbype^(M). 

Let r > 0. An r-reduced homological quatratic M-bype is a triple {B,b,j3) with the 
following properties. First i? is a graded abelian group in Ab, and b = is a sequence 
of elements 

bneHomiB^,SqtL,{B)). 
Hence we get the homomorphism 

Ext{B^,Br,^,) ^H^^* Ext{B„,,Sq'^'{B)) ^ Sq^f_,iBr„ B), 

where the right hand side is the pseudo-homology above. Now /5 = {/5„} is a sequence of 
elements 

/3„ e Sq^L^{Bn,B)/zm{A{bn+i).) 
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with 

A morphism between quadratic M-bypes 

</):(i?,6,/3)^(i?',6',/3') 

is a morphism (p : B ^ B' in Ab,- with the following property. There exists a chain map 
a : C{B) — > C{B') with H^{a) = such that the chain map 

0, + a : M^CB ^ M#CB', 

given by 

0, + a := M#C{(f)) + P{a ® C{(j)))H + M#{a) 
satisfies f lS.Sp and fl8.6l) : the diagram 



.5) 



5„ Hn-i{M#CB) = Sqn-i{B) 

5; Hn-i{M#CB') = Sqn-i{B') 



commutes for all n and 

(8.6) i(j), + a),Pn = (l)*Pn 

in Sqn-iiBn, B') / A{b'„^^)^Ext{Bn, B'^^^). Diagram (E5]) shows that (0* + a), in (EEl) is 
well defined by Hn-i{Bn, 0* + a). Let 

Hbype,(M) 

be the category of r-reduced homological quadratic M-bypes and such morphisms. We 
point out that the homology class of a chain map a : CB —>■ CB' with H^,a = is given 
by a sequence of elements 

an e Ext{Bn,B'„^-^^), n eZ, 

and the induced maps 

a, : H„.^,{M#CB) ^ Hn-i{M#CB') 

: Hn^,{Bn,M#CB) Hn-i{Bn,M#CB') 

are given by the maps induced by Ext in section [TUl These induced maps are needed for 
the computation of (0,, + a)* in flS.Sp and (18.61) above. 

Proposition 8.1. There is a functor 

h : bype,(A.f) ^ Hbype,(M), 

which carries {Y,b,f3) to {H^Y^h, (3). The functor h reflects isomorphisms and is repre- 
sentative and full. 

Here we use the equivalence CB —>■ Y with B = H^Y. Combining Proposition 18.11 and 
Theorem 17.11 we get the following main result of this paper. 

Theorem 8.2. Let r > 1. Then there is a functor 

hX : Ho(sNil)^ ^ Hbype,(Z^) 

which reflects isomorphisms and is representative. Moreover the restriction of hX to the 
subcategories of isomorphisms is a full functor. 
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In the next section we compute Sq^ needed in the definition of Hbype^(Z^). 



9. Computation of Sq^ for M = 

For an abehan group A and for a graded abehan group B in Ab^ and M 
compute Sq^{A,B) with Sq^{B) = Sq^{Z,B) as follows. 
Given abelian groups A, D, E, denote 

Sq^'^{A,D) = [C{A,n),ZlC{D,m)], n,m>l, see 8.4 
Sq^,/A;D,E)^[C{A,n),C{D,i)^C{E,j)], n>l, l<i<j 
Then for B e Ab,., we have the following direct sum decomposition: 

SqTiAB) = [C{A,n),^Z^C{B^,m)®^C{B„i)®C{Bj,j)] 

m i<j 

m 

It is easy to see that for i < j, 



i<j 



SqZ,M-^B„B,)^{ 



Hom{A, Bi * Bj), n = i + j + 1, 
Ext{A, Bi^Bj), n = i+j- 1, 
Trp{A;Bi,Bj), n = i + j, 
0. otherwise 



We describe the functors Sq^^^ in the following theorem. 
Theorem 9.1. 

'Ext{A,r{D)), k^O, m = 1 
Ext{A, S ® Z2), A; = 0, m > 1 
Hom{A, R{D)), k even, k — m + l 
Hom(A,n(D)), k odd, k^m + 1 

Ext(A, D ® Z2) e Hom(A, D * Z2), k even, < k < m - 1 
Ext{A, D * Z2) © Hom{A, O Z2), k odd, < k < m - 1 
Ext{A, T{D)) © Hom{A, D * Z2), k even, k^m-1 
L#{A, D) © Ext{A, D * Z2), k odd, k = m-l 
A^T#{A, D) © Hom{A, D * Z2), A; even, k = m 
TT^{A, D), k odd, k = m 
^0, otherwise 

We define the stable operator Sq^'^^^'^ by 



Sqt+k,m{A,D)^l 



Sq'^''^^\A,D) 



{Ext{A, D Z2) © Hom{A, D * Z2), k even > 0, 
yExt{A, D * Z2) © Hom{A, D (g) Z2), A; odd > 
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Then there is a canonical stabilization map 

which is binatural in A, D and which is the identity for k < m — 1. 



We collect the computations of Sq'^j^{A, D) for low dimensions in the following tables: 



m\n 


1 2 




3 




i 






iiomyA, K[U ) ) 




2 


n Erf(A D^7j 


2) ^# 


(A D)ff)Erf(A D*7.o) 




Q 
O 


n n 
u u 




JT'^-hf A 71 1^ W ^ 
JjyXiy/i, Jy ^2 ) 




4 


n n 




n 




m\n 


4 




5 




2 


A^T#(y4, © Hom{A, D * 




Hom{A,n{D)) 




6 


Ext[A, D * £2) © rlom[A, D 


© Z2) 


77" J./ A T~\\\ >n~\ T T (A T~\ . 

Ext[A, i {JJ)) © Hom[A, D * 


^2) 


4 


Ext{A,D^Z2) 




L) © Z2) © Hom{A, D 


* Z2) 


5 







Ext{A,D ®Z2) 




m\n 


6 




7 




2 












3 


TT#{A,D) 




i7om(A,i?(L))) 




4 


Ext{A, D (g) Z2) © Hom{A, D 


* Z2) 


L#{A, D) ® Ext{A, D * 


) 


5 


Ext^A, D * Z2) © Hom{A, D 


8^2) 


Ext{A, D * Z2) © Hom{A, D C 


3Z2) 


6 


Ext{A,D ®Z2) 




Ea;t(A, D © Z2) © Hom{A, D 


* Z2) 



Example. If i? G Abi is concentrated in degree 1, 2, 3 with free abelian then the only 
invariants of {B,b,P) in Hbypei(Z^) are given by 

bs: H^^ r{H2) and f3 G Ext{H3, cokeribs)) 

and they classify 1-connected 4-dimensional homotopy types by a classical result of J.H.C. 
Whitehead [26], see 3.5.6 0. 

Example. Let G be a reduced 2-nilpotent simplicial group so that NG is a rational 
vector space. Then for B = H^NG the only invariants in {B,b,(3) = hX{G) are the 
homomorphisms 

bn:Bn^Sqt,{B) = [B,B]r,-i 

where the Lie bracket [ , ] in the free Lie algebra L{B) satisfies [x,y] = — (— 1)'^"^' [y, x] 
so that 



[Bi, Bi 



SP\Bi) = T{Bi) for n odd 
A'^(Bi) for n even 



Here we use the isomorphism Z'" © Q = Z"^ © Q, compare section 6. The invariant bn 
coincides with the differential in the 2-nilpotent differential Lie algebra associated to G 
in the work of Quillen [22] . 
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10. Maps induced by Ext{A, B) 



19 



Given abelian groups A, B and their resolutions fl6.ip . consider an element a G Ext{A, B) 
This element can be represented as a certain diagram of the form a* : c/^ — >• (i_B[l]: 

Xi Xq 



Y, Yo 

For a given n > 1, consider the shifting a^,[n] : C{A,n) —>■ C{B,n + 1) with C{A,n) 
dA[n], which defines the map of simplicial abelian groups 

N'^a^ [n] : N-'^C{A, n) N-^C{B, n + 1) 

and hence, for a given quadratic Z-module M, there is a map 

(10.1) N{{N-^C{A,n))^M) — ^ N{{N^'^C{B,n + 1)) ^ M) 



M#C{A,n) M#C{B,n + l) 

Then, for every A; > this diagram induces for abelian groups D,A,B the natural qua- 
dratic maps 

'[n]M : Ext{A,B) ^ i7om(5gf+,,„(A), 5gf+,,„+i(i?)) and 

'[n]M : Ext{A,B) ^ Hom{Sq^l,{D, A), Sq^i,^^_,,{D, B)). 

The description of the homotopy groups of Moore space in sNil (see theorem 15. II or theorem 
9.1) implies that for the case M = Z^, the complete list of maps ^[n] is the following: 





: Ext{A, B) - 


Hom{R{A), B 




: Ext{A, B) - 


Hom{K^{A) © A * Z2, 5 ® Z2), 




: Ext{A, B) - 


^ Hom{A*'L2,B 




: Ext{A, B) - 


^ Hom{n{A),B *Z2), 




: Ext{A,B) - 


Hom{T (A), B *Z2), 


'[4]zA 


: Ext{A,B) - 


Hom{A(^Z2,B *Z2) 



Let 

(10.2) 0^ B ^ E A-^0 

be a short exact sequence, which presents an element a G Ext{A, B). Applying the 
functor — ® Z2, we get the following long exact sequence 

^ B *Z2 ^ E *Z2 ^ A*Z2^^^ B ®Z2 ^ E ®Z2 ^ A®Z2 ^ 
and the map ^[3]gA is given by setting a ^— > d{a) G Hom{A * Z2, B ® Z2). 
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Proposition 10.1. The maps ^pj^A, ^[SJ^a and ^[4]2a are zero maps, ^[3]za is given by 
setting a i-^ d{a), the maps and '^[2]^a are induced by the natural maps R{A) — *• 

A * Z2, A'^{A) © A * Z2 ^ v4 * Z2 and the map d{a). 

Proof. The exact sequence of quadratic Z-modules 

Z^ Z® ^ Z^ ^ 
and the epimorphism of quadratic Z-modules 

Z^ Zo 



induce the following natural commutative diagram 
(10.3) 



i/„+fcZjC(5,n + l) 



H^+k-i^lCiB,n + l) 



n+k-l 



C(A,n) ® Z2 



■IZ2 



For n > 2 and k = 1,2, the diagram (110. Sp has the following structure: 
k = l A®Z2 — A®Z2 — A®Z2 

M"]zA °Nzr "Nza 

B*Z2 — B*Z2 ^ 



k = 2 



A*Z^ 



B®Z2 



A*Z2 



'Mzr 



B®Z2 



A*Z2 

B0Z2 



where, clearly, ^[n]z2 = d{a). Now, taking the suspension functors, we get the following 
diagram with commutative squares 



which is 



HsiZ^CiA, 1)) 

'[ilzA 
H3iZ^CiB,2)) 

R{A) 



B®Z2 



H,{ZlC{A,2)) 



'[2]zA 



H,{Z^CiB,3)) 
A\A)®A*Z2 

'[2]zA 

B0Z2 



► i/5(4C(A3) 

'[3]zA 

► H,{ZlC{B,A) 
A*Z2 

: B®Z2 



Analogically we get the suspension diagram 



n{A) T{A) A®Z2 



3 [2] 



ZA 

B*Z2 



'[3]zA 
= 5*Z2 



'WzA 



B*Z2 
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Remark. Proposition llO.ll implies that the maps ^[n\iA are zero for all n and odd k. 
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□ 



Given abelian groups A,D,D' and an element a G Ext{D,D') = [C{D,0),C{D' ,1)] 
the shifting map Q;=i,[m] : C{D,m) —>■ C{D' ,m + 1) induces the map of pseudo-homology 

The description of these maps follows from Proposition llO.li We have the following 

commutative diagram 

(10.4) 

Ext{A,SqlX,^^m> Sql';^{A,D) ifom(A, 



Ext(A, 



Mza) 



Hom{A, "-'"[m] a) 



Ext{A, SqT^,^^^^{D')) > Sq^%^,{A,D') Hom{A, Sq^'^^^.iD')) 

Since '^[m]^A is the zero map for odd k, one of the maps either Ext{A, 



m 7 A or 



Hom{A, 



is zero and the map {n,m}iA is defined via diagram fll0.4l) . 



11. HOMOTOPY TYPES OF SPECTRA IN sNil AND JF-MODULES. 



The homotopy theory specnil of connective spectra in the model category sNil is defined 
in [2l]. For homotopy categories we have the stabilization functor 

S~ : Ho(sNil) ^ Ho(specnil) 

which carries a free object G in sNil to its suspension spectrum. This functor has an 
analogue on the level of homological bypes in the sense that one has the diagram of 
functors 

Ho(sNil)^ Ho(specnil) 

(11.1) A X^P"" 

Hbype,(Z^) -^—^ mod(J^,A,/i) 

which commutes up to a natural isomorphism. Here the category mod(JF, A, /i) is defined 
as follows. Let 

J' = T^,{Sqf,Sqf,...) 

be the free graded Z2-algebra generated by elements Sg^*' of degree —k for k even > 0. 
An object {H, H(2)) in mod(jF, A, /i) is given by a graded abelian group H with = 0, 
for n < and a graded Z2-vector space H{2) together with a short exact sequence 

^ ® Z2 ^ H{2) ^ {H* Z2)[-l] ^ 
where in addition H{2) is an jF-module, i.e. maps 

Sqf : H{2)^ ^ H{2)n-k 
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are defined for k even > 0. A morpliism (p : {H, H{2)) — > {H, H{2)) is a liomomorpliism 
(j) : H ^ H between graded abelian groups for wliich tliere exists a commutative diagram 

> H®Z2 H{2) {H*Z2)[-l] > 



> H®Z2 H{2) — ^ {H*Z2)[-l] > 

wliere ip is a. map of jF-modules. 

Theorem 11.1. There exists a functor A^^^^ for which diagram Ml.l\) commutes up to 
natural isomorphism. Moreover X^v'^'^ is representative and reflects isomorphisms and the 
restriction of X^p'^'^ to the subcategories of isomorphisms is a full functor. 

The tfieorem sliows that homotopy types of connected spectra in sNil are completely de- 
termined by an isomorphism type of an jF-module [H, H{2)) in the category mod(jF, A, fi). 
The jF-module structure is related to the action of the Steenrod algebra as follows. 

Remark. Let G be an object in (sNil)^ which is given by the nilization of a space X. 
Then the jF-module 

S°°A(G) ^ A"P""S°°(G) = {H,H{2)) 
is defined such that the operator Sg^*' on H{2) fits into the following commutative diagram 

H{2)n — > H{2)n-k 



Hn+liX,Z2) ^ i/n+l-fc(Ar, Z2) 

Here Sq'^ denotes the Steenrod square and x is the anti-isomorphism of the Steenrod al- 
gebra and ixSq'^)* is obtained by dualization. The commutativity of the diagram follows 
from 8.13 [Ij. 

Proof of Theorem \11.1\ We define the functor S°° in the bottom row of flll.ip by the 
composite of functors 

(11.2) : Hbype,(Z'^) ^ Hbype°° i mod(.F, A, /i) 

where 6 is an isomorphism of categories. 

For this we introduce the category Hbype°° of stable homological bypes as follows. A 
stable homological bype {B,b,P) consists of a graded abelian group B with i?„ = for 
n < and homomorphisms {n,k & k > 1) 



-Bn-fc ® ^2 for k even 
Bn~k * ^2 for k odd 

Bn^k * ^2 for k even 
Bn-k ® for k odd 



Here {B, b, /?) is equivalent to {B, b, P) if B = B, b = b and /? ~ /3 in the sense that 
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for some homomorphism (5„ : -Bn-i * Z2 — * Bn ® Z2. Objects of the category Hbype°° 
are such equivalence classes {B,b,P}. A morphism {B,b,/3} — > {B,b,(3} in Hbype°° is a 
homomorpism (j) : B ^ B oi graded abelian groups for which there exist (j G Z) 

aj G Ext{Bj, Bj+i ® Z2) = Hom{Bj * Z2, ® Z2) 

such that (/c even, n G Z) 

One can check that stabilization of Sqm+k,Tn{A, B) yields a canonical functor S in flll.2p 
which carries {B, b, (3) to (5, S°°/5). Moreover the isomorphism O is given by setting 

Q{B,b,P) = {H,H{2)) 

where H = B and H{2) = Bn ® Z2 © Bn-i * Z2 with Sg™' given by the matrix 

/ i,k 

Here we choose f3 in the equivalence class {B, b, f3}. One can check that G is a well defined 
isomorphism of categories. In the stable range of bype^(Z^) the functor E°° in fill. 21) is a 
full embedding of categories for all r > 1. This implies the result on specnil in theorem 

[im □ 

12. Proof of Theorem 17.11 

The proof is based on the theory of boundary invariants developed in [3] for CW- 
complexes. A similar theory is available for CW-objects in the category Nil which are the 
free objects in section 4. 

It is a well-known result of Kan [flH] that the homotopy theory in (sGr)^ is equivalent 
to the homotopy theory of CW-complexes X with trivial r-skeleton. In particular, the 
generators of a free simplicial group H correspond to the cells of a CW-complex X with 
X ~ B\H\. This way we can associate the boundary invariants in [3] for the CW-complex 
X to the simplicial group H. If G = nil{H) is the nilization of G we get the commutative 
diagram of short exact sequences 

[H,H] > H > abH 

k^{abG) > G ^ abG 

where [H, H] is the commutator subgroup. Hence we have natural maps 

(12.1) Tn+iX = TTn[H,H] ^ 7r„(A2(a6G)) 

(12.2) r„(A,X) = TTn-M, [H,H]) ^ 7in-i{A,A\abG)). 

Here the groups Tn+iX and Tn{A,X) are defined in [3], compare also section 2.4 in [3]. 
The boundary invariants of a space X are developed in [3]. In a similar way one gets the 
boundary invariants of a free object in sNil such that the natural maps (112. ip and (112. 2p 
carry boundary invariants of X to the boundary invariants of the nilization of X. 
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Next we need some notation on chain complexes {Y, d). Let BnY = dYn+i and ZnY = 
ker{(i : F„ — > Yn-i} be the modules of boundaries and cycles respectively. For a chain 
map ^ : Y —>■ Y' we consider sequences of homomorphisms 

6 = {6: B„_,Y ^ Z„F')na 

and we call the map ^ + 6 obtained hj + 6)n = + i^nd the 5 -deformation of ^, see 
4.5.5 [3]. The 5-deformation 1 + 5 of the identity is an isomorphism of chain complexes 
with inverse 1 — 5. Given an object (y,6, /?) in bype^(M) we get the (5-induced object 
^{Y^ b, P) = (Y, (1 + 6)^b, (1 + 5)*/?) together with the isomorphism 

l + 6:{Y,b,[3) {Y,b,(3) 

in bypej.(M). By the following lemma this map 1 + 5 is always A-realizable. 

Lemma 12.1. Let {Y,b,j3) = XG with G a free object in (sNil)^. Then there is a free 
object ^G in (sNil)^ together with an isomorphism ^1 : G -^^ G such that the composite 

{Y,b,P) = \G'^^^ X{'G) {Y,b,P) 

coincides with 1 + 6. 

Proof. We define ^G by the following diagram: 

A^N-^Y K^N-^Y — K^N-^Y 

V V 



G G' 1 ^G 



ab{G) = N-^Y ^l^Z^ N-'^Y 

The columns are short exact and we take the central push out and the pull back of groups. 
Then ''l = p-^a. □ 

Moreover a 5-deformation has the following property: 

Lemma 12.2. Let Y and Y' be chain complexes of free abelian groups and let ^ : Y ^ Y' 
be a homotopy equivalence and let + •y be a •y- deformation of ^. Then there is 5 such 
that (1 + 5)^ and ^ + 7 are homotopic. 

Proof. The map ^ induces an isomorphism 

: Ext{HnY,Hn+iY) ^ Ext{HnY, H^+iY'), 

where 7„ represents an element {qjn} G Ext{HnY, Hn+iY'). Let 5„ be an element which 
represents {g5„} = (^*)"H?7n} G Ext{HnY, Hn+iY). □ 

Moreover we need for r > 1 the category H„+i of r-reduced homotopy systems of order 
+ 1 in 4.2 [3]. Objects in H„+i are triple {G, fn+i, X"-) where X" is an n-dimensional 
CW-complex with = * and C is a chain complex of free abelian groups and fn+i '■ 
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Cn+i 7r„X" is a homomorphism. These data satisfy the properties in 4.2.2 [3j. A 
morphism in H„+i is a pair 

where ^ : C — > C" is a chain map and t] : X" is the 0-homotopy class of a cellular 

map satisfying the properties in 4.2.2 There is a homotopy relation on H„+i as in 4.2.6 
[3] which yields the homotopy category H„+i/ ~. We define in the same way the category 
H"![i by replacing CW-complexes in H„+i by CW-objects (i.e. free objects) in sNil. Here 
we are aware of the fact that n-cells in a CW-complex correspond to free generators of 
degree n — 1 in a CW-object in sNil. 

Remark. In the book [Ij the category H„_|_i is defined in any cofibration category with 
spherical objects. We can apply this to the category sNil since sNil has the Blakers-Massey 
property with respect to the theory T C Ho(sNil) given by coproducts of spherical objects 
S'(O). See Appendix B below. The tower of categories in [4J shows that HJ^!^^ has similar 
properties as ifn+i in 0, in particular, the obstructions satisfy formulas as in section 4.5 
of i. 

Moreover we define the category N^.^^^. Objects are tuple (C, X", 6, /3) where 
(C, /n+ijX") is an object in V^'^li and {C,b,P) is an object in bype^(Z'^) such that for 
t < n + 1 the homotopy invariants of X = {C, fn+i, X"') coincide with 

{bt, jSt-i) given by {b,f3). Morphisms are morphisms {^,r]) in HJ];!^]^/ ~ for which ^ is also 
a morphism in bype^(Z^). Compare 4.6.2 [3]. The categories ^n+i/ — form a tower of 
categories, n > r + 1, 

Ho(sNil), "-"-^^ N^+,/^ H'J^ ^ ■ ■ ■ ^ N^+,/^ = bype,,(Z^) 

where the functors r"+^ and A""*"^ are defined as in 4.2.3 The composite of these 
functors is the functor A in theorem I7.1[ 

Lemma 12.3. The functor A : is representative. In fact, for an object 

X in there is an object X in N^^;^ with \X = X . 

Proof. This is a consequence of 4.4.5 [3J where we obtain X in H„+i. In the same way we 
obtain X in H;^!^^ □ 

Proposition 12.4. Let r > 1. The functor A : Ho(sNil)^ — > bype^(Z^) is representative. 

Proof. Using the lemma we construct inductively for n > r objects (C, 5n+i, X") = X*^"'^^) 
in N^+i. Then X = /imX(") satisfies A(G) = {G,b,(3) with G in (sNil)^ satisfying X ~ 

B\G\. ~^ □ 

Lemma 12.5. Let X and Y be objects in N^+i '^'^^ ^ — i^^v) '■ -^X —>■ XY be a map 
in N^. Then there exists r : BnG Zn+iG' such that + r, r^) : AX XY in H™' is 
X-realizable by a map F : X ^ Y in ^n^^i, that is, X{F) = + t, 77). 

Proof. This is a consequence of 4.6.1 [3J transformed to the category ^^n+i- ^ 

For an object Y = (C, F", 6', in N^^^ and for 6 : B^C' Z^+iG' let ^Y = 
{G',gr.+i,Y\{l + 6)M,{l + S),P'). 
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Lemma 12.6. Let X and Y he objects in H^^j^^ and let F = rj) : XX XY be a 

map in Nj^ where ^ is a homotopy equivalence of chain complexes. Then there exists 
6 : BnC Zn+iC such that 

{{1 + 6)^,V):XX ^X{'Y) 

in NJ^/~ is X-realizable by a map F:X^^Yin H\^+J ^, that is X{F) = {{l + 6)^,r]). 

Proof. We use lemma 112.21 and lemma 112.51 □ 

Proposition 12.7. Let r > 1. The restriction of X : Ho(sNil)^ bype,.(Z^) to the 
subcategories of isomorphisms is a full functor. 

Proof Let G and G' be free objects in (sNil)^ with C = N-^ab{G) and C' = N-^ab{G'). 
Let 

^■.iC,b,/3) = XG^iC',b',P') = XG' 

be a homotopy equivalence in bype^(Z^). Let X{n) be the objects in N^/^ given by 
G and the tower of categories above and by b, (3 in X{G). Then ^ determines a map 
^ : X{r + 1) — > Y{r + 1) in N^_^^ which by lemma [T2.6I yields a map 

F ■.X{r + 2) ^^^+' Y{r + 2) 

in N(',^2 which again by lemma [T2.6I yields a map 

P ■.X{r + 3) ^'^'■+2 {^-+'Y{r + 3)) 

in N^_,_3 and so on. Inductively we get a map in sNil 

F"^ : X = G Y =^ G' 

Here F°° determines a map F : G G' in Ho(sNil) for which X{F) = (1 + 5)^. Now 
lemma [12.11 shows that there is a map F' : G ^ G' with XF' = ^. □ 

13. Proof of Theorem 19.11 

The formulas (I)- (IV) and (XI) directly follow from the universal coefficient theorem 
for the exterior square functor (13.11) together with (18.31) . For the computation of other 
functors, recall the following construction due to Curtis [T2]. Let X be a simplicial group. 
The lower central series filtration in X gives rise to the long exact sequence 

> 7r,+i(X/7„(X)) 7r,(7„(X)/7„+i(X)) ^ 

7r,(X/7„+i(X)) ^ 7r,(X/7„(X)) . . . 

This exact sequence defines the graded exact couple which gives rise to the natural 
spectral sequence E{X) with the initial terms 

E^X) = 7r,(7,(X)/7p+i(X)). 

and the differentials d'^, i > i 

■ El q{X) £'p+j ,j_i(X). 
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Lemma 13.1. [12] Let K be a connected and simply connected simplicial set, G = GK 
its Kan's construction. Then the spectral sequence E^{G) converges to E'^{G) and (BrE!^^ 
is the graded group associated with the filtration on 7ig{GK) = 7rg+i(|ii'|). The groups 
E^{K) are homology invariants of K. 

For a given abelian group D, and Eilenberg-MacLane space K{D,m), m > 1, consider 
the Kan construction GK{D,m) and corresponding Curtis spectral sequence 

(13.1) El^{GK{D,m)) ^ n,^iK{D,m) = 

Denote Y = ab{GK{D,m)). We naturally have 

El^_,{GK{D,m)) = E^^_,{GK{D,m)) = 7r™_i(r) = H^K{D,m) = D. 

The convergence (113. II) means that 

E^g = 0, (p,g)^(l,m-l). 

Recall also the connectivity result due to Curtis [H]. Let X be a free simplicial group, 
which is m-connected (m > 0). Then 7r(X)/7j.+i(X) is {m + Zo(72'"}-connected, where 
{a} is the least > a. Applying this result to our case, we get that 

TiiiUY) =0, i<m + 2, r>3 

where U : Ah ^ Ab is the r-th Lie functor. Collect the low dimensional elements of the 
spectral sequence E^,^{GK{D,m)) in the following table: 



m + 2 
m + 1 

m 
m — 1 


H^+3K{D, m) 
H.m+2K{D, m) 
H„,+iK{D, m) 
D 


7r„+2(A2r) 
vr™+i(A2r) 
7r„(A2F) 
vr„._i(A2r) 







TX^+2{L^Y) 






'K^+2{L^Y) 






q/p 


1 


2 


3 


4 


5 



The convergence (113. II) then implies that the differentials 

(13.2) d\^^ : Hi+iK{D, m) ni_i{A^Y), i = m,m + l,m + 2 

are isomorphisms. 

The simplicial fibration sequence 

A^r ^ ml{GK{D, m)) Y 

induces the map of chain complexes 

/ : NY[1] NA^Y, 

which induces the isomorphisms of homology groups (113. 2p in dimensions m,m + l,m + 2. 
Hence for every abelian group A, one has natural isomorphism 

[G{A, i), NY] ~ [G{A, i - 1), NA^Y], i = m,m + l. 

Since Hm+iK{D,m) = 0, the natural map 

Y N-^G{D,m-l) 

induces isomorphisms of homology groups 

HiNA^Y HiZ^{D, m-1) 



D, q = m — 
0, otherwise 
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for i < m + 2 and therefore 

[C{A,i),NY] ~ [C{A,i - l),Z^C{D,m - 1)], i = m,m + l. 

Recall now the definition of the pseudo-homology functors (see 6.3 ^). Given 

abelian groups A,D, 

Hir\A,D) = H4AK{D,m)). 
In the simplicial language we have 

H^^\A,D) = [C{A,n-l),Nab{GK{D,m))]. 

Therefore 

H^Si^^D) = [CiA,m+l),Nab{GKiD,m))] = m), ZjC(D, m-1)] = 5g„,„„i(A, I)). 

There is a certain periodicity in the description of homotopy type of the simplicial group 
A'^N^^ 0(0,171) reflected in the formulation of the universal coefficient theorem for qua- 
dratic modules. This principle directly implies that 

Sqt,mi^,D) = Hf\A,D), m odd, 
SqZ-i,rrXA.D) = Hf\A,D), m even, 

D) = Hfi^A, D), n-m odd, m<n<2m-l. 

For the pseudo-homology functors H^'' one has the direct sum decompositions (see 6.3.9 
[3]). In the cases which we need here the decompositions are the following: 

Hf\A,D) = TT#{A,D) 

Hf\A, D) = L#{A, D) © Ext{A, D * Z2) 

H^e'^\A, D) = Ext{A, D * Z2) © Hom{A, D © Z2) 

Therefore the formulas (VI), (VIII) and (X) follow. 

For the description of other functors Sq'^^, consider the following diagram with exact 
rows: 
(13.3) 

Ext{A,H^+^K{D,m))> H^^^'^.iA^D) Hom{A, H^+^sK{D,m)) 



Ext(A, 7r„+2A^r) > [C{A,m+l),A^Y] /7om( A, vr^+iA^F) 



Ext{A,'K^+2^^C{D,m-l))> Sqm+i,m-i{A, D) Hom{A,7T^+iZ#C{D,m 

The above argument shows that the right hand vertical arrows in (113. 3p are isomorphisms. 
Hence, the functors Sq^l^ for certain m, n in the diagram (113.31) can be described as the 
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Ext{A,D ^Z2) 



Ext{A,T{D)®D®Z3) > 



Hom{A, D * Z2) 



Ext{A,V{D)) 



Ext{A, Q{D) © D O Z3) > 




{A,D) 



Hom{A, 



Ext{A,n{D)) 



Sqt{A,D) 



The decompositions for functors H^^^ (see 6.3.10 [3]) and the periodicity principle imply 
the following decompositions of the needed functors: 

SQntniA, D) = Ext{A, D (g) Z2) © Hom{A, D * Z2), n - m even, m< n < 2n - 1, 
Sq2l-i,^iA D) = Ext{A, T{D)) © Hom{A, D * Z2), m odd, 
Sq^^^^iA, D) = A'T#(A, D) © Hom{A, * Z2), m even 

and the formulas (V), (VII) and (IX) follow. □ 

Appendix A: Homotopy groups of spherical objects in categories of 

NILPOTENT GROUPS 

The homotopy theory in the category sNil in this paper can be generalized for higher 
nilpotency degree. In particular, it is possible to compute homotopy groups of spherical 
objects in the category of simplicial r-nilpotent groups for r = 3 and partially for r = 4,5. 
We give examples as follows. 

Let n > 1, r > 2. Consider the category NiT of nilpotent groups of class r. The 
homotopy groups of 5*"^^ in the category NiT can be naturally defined via Milnor's ^[5""]- 
construction: 



Here GNir is the r-nilization of a simplicial group G in the category NiT. Denote K^Z, n) = 
ab{F[S^]). Here we consider low-dimensional cases. As we will see, the general problem 



7l^F[S^U,r = 7r,(F[5"]/7.+i(F[5"])). 



(13.4) vrl^Vil^"^') = { 
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of the description of homotopy groups in categories NiT essentially reduces to the homo- 
topical properties of the r-th Lie functor : Ab ^ Ab. 

Category NiP. The homotopy groups of spheres in NiP = Nil are computed in §4. Recall 
them: 

(Z, k = 

Z, k = n odd 
Z2, < k < n, k odd 
^0, otherwise 

Category NiP: There is the following natural exact sequence of simplicial groups 

1 ^ L^K{Z,n) ^ F[S"Us ^ F[S^U2 ^ 1 

which induces the long exact sequence of corresponding homotopy groups. We will use 
the following result due to Schlesinger [23]: if p is an odd prime then 

Zp, k = 2i{p - 1) - 1, 2 = 1, 2, . . . , [ra/2] 
0, otherwise 



(13.5) nr,+kL^K{Z,n) = 
Hence 

(13.6) 7r^+kL'K{Z,n) 



Z3, k = 4:i-l, i = 1,2,..., [n/2] 
0, otherwise 



The description of the homotopy groups in category NiP 013.41) and fll3.6p then imply the 
following: 



(13.7) vr:^Ui(5"+^) 



Z, A; = 0, 

Z2, < k < n, k = 1 mod 4, 
Zg, 0<A;<n, k = 3 mod 4, 
Z3, n < k < 2n, k = 3 mod 4 
Z © Z3, n = 3 mod A, k = n 
Z, n = 1 mod 4, k = n 

Category Nil^: We have the short exact sequence of simplicial groups 

1 ^ L'K{Z,n) ^ F[S-U. -> F[S-U. ^ 1 

The description (113. 7p essentially reduces the problem of computation of 7r^''''(5'") to 
homotopical properties of simplicial abelian groups L^K{Z,n). There is the following 
natural decomposition of the fourth Lie functor for a free Z-module M: 

^ A2a2(M) ^ L\M) J\M) 0, 

where is the fourth metabelian Lie functor, which can be defined as the kernel of the 
symmetrization map: 

(13.8) ^ J\M) ^ M® SP^M) SP\M) 

(here SP* is the symmetric tensor power). This is a simplest case of the Curtis decom- 
position of Lie functors (see pT]). 
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Homotopy groups of simplicial abelian groups A^A^i^'(Z, n) follow from the split exact 
sequence (13.11) (we use the sequence (13 .ip twice). At the first step we have 

I 0, otherwise 

For the 2-sphere one has a contractible J'^K{'L, 1) (see ^llj), therefore there is a weak 
homotopy equivalence 

k^k^K{Z,l) ^ L^K(Z,l) 
and the following description of the homotopy groups follows immediately: 

'Z, i = 2,3 

:i3.9) 7,f^\S') = {Z,, i = A, 

0, otherwise 

The case of the 3-sphere is more complicated. First of all we have 

Z4, i = 6 
Tiik^k^KiZ, 2) = <J Z2, i = 4, 5, 7 
0, otherwise 

However in this case the functor J'^ also contributes. It directly follows from [15] and 
[H] (see p. 307) that J^i^ (Z, 2) = if(Z4,7). The short exact sequence of functors (113. 8p 
implies the following boundary homomorphism 



Za 



Za 



with ttqL^K{Z,2) = coker{d). The direct simplicial computations show that d is an 
isomorphism. As a result we obtain the following 



;i3.10) 



' Z, i = 3 
Z2, z = 4,5,^ 
Zq, i = Q 
0, otherwise 



The general description of the homotopy groups 7r^'''*(5''^) seems to be quite nontrivial and 
we leave it as an open problem. Observe that (113.90 . (113. lOp together with (113. 5p imply 
that 

'Z, i = 2,3 
rrr{S'')={Z„ I 



0, otherwise 
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and 



Nil- 



(Z, i = 

Z2, i 



4,5,; 

6 



Z5, i = 10 
0, otherwise 



Appendix B: Blakers-Massey property for sNil 



Let C be the model category sGr or sNil^ for k > 1 and let T C Ho(C) be the theory of 
coproducts of 0-spheres in C. According to [1] the category C under T has the Blakers- 
Massey property if the following condition is satisfied. Let F, M, N be cofibrant objects 
in C such that M and are obtained from F by attaching cells in dimensions > m and 
> n respectively, in particular there are monomorphisms /i : F — ^ M and f2 : F —>■ N, 
which preserve bases. Consider the push out in C: 

> MypN 

(13.11) f2^ 

F — ^ M 

For C = sNil'^ the push out M \/p N can be obtained as a nilization of the amalgamated 
product M *F N. Then the induced map of relative homotopy groups 

(13.12) gr:nr{N,F)^nr{M\/FN,M) 

is an isomorphism for r < n + m — 2 and an epimorphism for r = n + m — 1. The classical 
Blakers-Massey theorem implies that the Blakers-Massey property holds for C = sGr. 

Theorem 13.2. For C = sNil'^, k > 1, the Blakers-Massey property holds. 

The theorem implies that all the theory of ^ can be applied to the category sNil^. In 
particular one gets 

Corollary 13.3. There is the tower of categories as in [4j for C = sNil'^. 

Proof of Theorem \ 1 3 . 2 . We prove the theorem for k = 2, the general proof can be obtain 
from the given one using the inductive arguments. Suppose first that the push out (113. lip 
is considered in the category sAb of simplicial abelian groups. Since one has a natural 
isomorphism of abelian groups 

TTi{N, F) ^ H,{N/F), 7T,{M yp N, M) = Hi{N/F), 

the push-out (113. lip induces natural isomorphisms (113.120 for all i > 0. Now consider 
(113. lip in the category sNiP. Since the maps /i,/2 preserve bases, the diagram (113. lip 
induces an analogous diagram of abelianizations and we have the following commutative 
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diagrams: 



7ii{A^abF) > 7ii{A^abN) > 7ii{A^abN/ A'^abF) > Tii_i{A^abF) 



:i3.13) 7r,(F) 



TXi{abF) 



TT, 



{abN) 



MN,F) 



TXi{abN/abF) 



^^l{abF) 



and 
(13.14) 

n,{A^abM)) ^ -KiiA^abiMypN)) ^ TXi{A^ab{M y p N) / A^abM) ^ 'ni^i{A^abM) 



TTi{abM) 



TTi{M yp N) 



TT,{ab{MyF N)) 



ni{abN/abF) 



vr.-i(M) 



TXi_i{abM) 



A general argument in model categories implies that all rows and columns in fll3.13p and 
(113. 14p are exact. The above diagrams induce the natural commutative diagram 



TTiiA'^abN/A^abF) 7ii{A^ab{M N)/A^abM) 



;i3.15) 



MN,F) 



7ii{abN/abF) 



gi 



7ii{MyFN,M) 



7ii{abN/abF) 



Furthermore we have the following commutative diagrams 

TTiiabF ® (abN/abF)) TTi{abM ® {ab{M Vf N)/abM)) 



;i3.16) 



Tii{A^abN/A^abF) 



7ri{A\abN/abF)) 



3i 



■Ki{A^ab{M Vf N)/A^abM) 



ni{A^{ab{M N)/abM)) 



where the maps 

Pi : Tii{abF ® (abN/abF)) ^^{abM ® {ab{M N)/abM)) = n,{abM (abN/abF)) 

are induced by inclusion fi. Since N is obtained from F by adding elements in dimensions 
> n, 'Ki{abN / abF) =0, i < n. By the same argument, the map 7ii{abF) — > ni{abM) is 
an isomorphism for i < m — 1 and an epimorphism for i = m — 1. Therefore, pi is an 
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isomorphism for i < m + n — 2 and an epimorphism for i = m + n — 1. Diagrams f ll3.15p 
and (113. 16p imply that the same property holds for ji and Qi. □ 
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